This paper proposes Kalman filters to investigate the state estimation of continuous-time linear fractional-order systems disturbed by correlated colored noises. A difference equation is obtained by discretizing the fractional-order differential equation via Tustin generating function. Besides, an augmented vector is determined by the state vector and the colored noise vector to deal with the problems on the colored process noise or the colored measurement noise with fractional-orders. In fact, a more accurate state estimation can be achieved using the discretization method via Tustin generation function for the investigated fractional-order systems, compared with Grünwald-Letnikov difference. Finally, two illustrative examples are provided to validate the effectiveness of the proposed algorithms in this paper.
I. INTRODUCTION
With the development of modern science, a lot of experts have pointed out that fractional-order systems (FOSs) can better describe the behaviors of real-world systems such as systems with viscoelastic [1] and anomalous diffusive characteristics [2] . The introduction of fractional-order calculus makes the controller design more flexible such as the fractional-order sliding mode controllers [3] , the fractional-order iterative learning controllers [4] and the fractional-order PID controllers [5] . Meanwhile, a satisfactory control performance of closed loop systems is achieved with the memory property of fractional-order operations. Therefore, the modeling and control of FOSs [6] have attracted much attention recently.
For integer-order systems, many methods of state estimation for linear and nonlinear systems have been reported such as the linear filters [7] , the fuzzy observers [8] , the particle filters [9] , the Kalman filters (KFs) [10] , the The associate editor coordinating the review of this manuscript and approving it for publication was Pietro Savazzi .
cubature Kalman filters (CKFs) [11] , the unscented Kalman filters [12] , the optimal and suboptimal algorithms [13] - [15] . The state information of FOSs is more complicated to estimate compared with integer-order systems, due to the memory property of fractional-order calculus. But KF can still be applied to FOSs to achieve the robust state estimation. The fractional-order Kalman filters (FOKFs) were proposed in [16] to estimate the state information for FOSs involving noise. The extended Kalman filter (EKF) was offered in [17] to estimate the state information of nonlinear FOSs, and this method gained a better estimation performance. For discretetime linear and nonlinear FOSs, the FOKFs were proposed in [18] to achieve state estimation. For discrete-time nonlinear FOSs, an adaptive three-stage EKF was given in [19] to improve the accuracy of state estimation All of the above discussed noises in FOSs are white Gaussian noises, but it is necessary to explore the non-white and non-Gaussian noises in real-world systems. The FOKFs were presented in [20] and [21] for linear and nonlinear FOSs with Lévy noises in the measurement signals to estimate effectively state information, respectively. The FOKFs were studied in [22] to estimate the state for linear FOSs with fractional-order colored measurement noises. To deal with the correlated noises, the FOKFs were discussed in [16] to make lower the estimation error caused by the correlated noises. The CKFs via Grünwald-Letnikov difference (GLD) were derived in [23] to estimate effectively state and parameters of continuous-time nonlinear FOSs involving the uncorrelated and correlated noises. For continuous-time nonlinear FOSs, the EKFs were discussed in [24] to deal with the correlated fractional-order colored noises. Besides, the KF for nonlinear FOSs with correlated colored measurement noises was given in [25] by converting the discussed FOS to a FOS with white Gaussian noises.
In fact, the discretization is an important step to transform the differential equation into a difference equation for a continuous-time FOS. In [26] and [27] , some related original discretization methods such as the Euler transform, the bilinear transform, the generalized bilinear transform, Z-S transform were put forward. In [24] , the discretized methods via GLD and Tustin generating function (TGF) were used to obtain the state and parameter information. In [28] , the fractional-order average derivative method for FOKFs was provided to estimate the state information of continuoustime linear FOSs with colored noises, improving the accuracy of state estimation.
It is a major issue in this paper that FOKFs based on TGF are designed to estimate the state information of continuous-time linear FOSs with correlated colored noises. Then, the main achievements in this paper are summarized: 1. TGF is adopted to discretize the fractional-order differential equation with respect to the state and noises to obtain the corresponding difference equation. 2. The colored process noise or colored measurement noise with fractional-orders are dealt with using the augmented vector method determined by the state vector and the colored noise. 3. FOKFs based on TGF are presented to gain more accurate estimation of the state information, compared with GLD. 4. For different sampling periods, fractional-orders and the correlation matrices of noises, we draw the conclusions that the algorithms provided in this paper carry out the state estimation for the investigated FOS effectively, and the accuracy of state estimation via TGF is higher than GLD.
The rest of this paper is organized as follows. In Section II, some definitions of fractional-order operators are introduced. In Section III, the FOKF for the continuous-time linear FOS perturbed by the correlated fractional-order colored process noise and white Gaussian measurement noise is presented, and the case for the continuous-time linear FOS perturbed by the correlated white Gaussian process noise and fractional-order colored measurement noise is also discussed, similarly. Then, two examples are provided to validate the effectiveness of the proposed algorithms in Section IV. Finally, the whole paper is summarized in Section V.
II. PRELIMINARIES
For the investigated FOSs with correlated colored noises, the Caputo definition is adopted to study FOKFs because of the consistency of initial conditions of FOSs.
Definition 1: The GLD with α-order is provided by [29] 
where the sampling period is T , the α-order difference operation is α , and the factor α ρ is represented by
Considering the following FOS
where the α-order derivative is C 0 D α τ from 0 to τ via Caputo definition [29] , the fractional-order satisfies α ∈ (0, 2), the state vector is x(τ ) ∈ R n , the input and measurement are u(τ ) ∈ R p and z(τ ) ∈ R q , the process noise and measurement noise are
We denote x(ι), u(ι), z(ι), v(ι) and w(ι) for convenience as x(τ ), u(τ ), z(τ ), v(τ ) and w(τ ) at τ = ιT in this paper. For ρ > ι, x(ι − ρ) = 0 in (1), the α-order derivative via the GLD is represented approximately by
Thus, we discretize the equation (2) as follows
where
The discretized method is very important to the realization of FOSs. To improve the accuracy of estimation for the state of the investigated FOSs, TGF [30] is adopted to transform the fractional-order
where p −ρ x(ι) = x(ι − ρ). Accordingly, we discretize the state equation of the FOS as
Then, two kinds of FOKFs are studied based on TGF to solve the problem on correlated colored noises in the FOS defined by (2) and (3), respectively.
III. MAIN RESULTS

A. TREATMENT ON COLORED PROCESS NOISE PROBLEM
For this case, the sampling value w(ι) and the sampling value v(ι) are correlated. The noise v(ι) is white Gaussian noise with
where β ∈ (0, 2),
is the zero matrix of the appropriate dimension, and E[·] returns the mathematical expectation. Furthermore, the process noise w(τ ) based TGF is discretized as
The equations (6) and (8) via the generalized binomial theorem can be expanded by
and
Letting I be the identity matrix with the appropriate dimension, we choose T to make ( 2 T ) α I −A and ( 2 T ) β I −F be invertible. Then, the equations (9) and (10) can be represented by
To deal with the colored process noise w(ι), the augmented vector η(ι) = [x T (ι), w T (ι)] T is defined, then the description of the augmented equation is yielded equivalently as
From the equation (3), the output equation is represented by
The estimation and the prediction of η(ι) are denoted as
Denoting K (ι) as the Kalman gain matrix, the estimation of η(ι) with the correction term is given by
From equations (13) and (15), the estimation error matrix is estimated as
Because the norm of the noise matrix H ρ gets smaller with the increase of ρ, the estimation error η(ι|ι) − η(ι) can be approximated by
Supposing
For σ = ρ, it follows that
For σ = ρ, it also follows from (19) that
in A ρ represents the Kalman gain matrix starting from the ιth iteration and pushing forward the ρth iteration. Meanwhile, we also have
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According to equations (14)-(24), we offer the following FOKF to carry out a satisfactory estimation of the state information for the investigated FOS with the correlated colored process noise.
Theorem 1: For a continuous-time linear FOS described by (2) and (3) with correlated noises w(ι) and v(ι), where w(ι) is the fractional-order colored noise, v(ι) is the white Gaussian noise, the FOKF based on TGF is designed as follows
Proof: Substituting (18)- (24) into (17), we get the estimation error matrix P(ι|ι − 1).
By using the equation (18) , it follows that
In fact, the terms ∂[( η(ι|ι)−η(ι)) T ( η(ι|ι)−η(ι))]/∂K (ι) = 0 and ∂tr(P(ι|ι))/∂K (ι) = 0 are equivalent in [28] . Therefore, we yield
Then, K (ι) is yielded as
Remark 1: If the FOKF gained from Theorem 1 is applied to a practical engineering, we need to concern the limited storage problem for the state and the input information. For ι ≥ L, the truncation L is introduced into the prediction η(ι|ι − 1) and the prediction error matrix P(ι|ι − 1) as 
where γ ∈ (0, 2), S ∈ R q×q , D ∈ R q×τ . The sampling value ξ Similarly, v(τ ) is discretized as
Then, we have
For simplifying calculations, we define the following matrices as
Therefore, we obtain
Defining the augmented state and augmented noise as 
By using the same method via equations (14) and (15), the prediction ς (ι|ι − 1) is got by
Then, we can get
The estimation of ς(ι) is represented by
Besides, it also follows that
To cope with problem on the correlated colored measurement noise and white Gaussian process noise, we give the design method of FOKF via TGF to gain an effective state estimation in the following theorem.
Theorem 2: For a continuous-time linear FOS described by (2) and (3) with the correlated noises w(ι) and v(ι), where w(ι) is the white Gaussian noise, v(ι) is the fractionalorder colored noise, the FOKF based on TGF is designed as
Proof: The proof results are easily proved according to that of Theorem 1. Therefore, the proof process is ignored.
Remark 2: If we apply the FOKF gained from Theorem 2 to a practical engineering, ς(ι|ι − 1) and P(ι|ι − 1) can be replaced by the following equations with truncation L. For ι ≥ L, ς (ι|ι − 1) and P(ι|ι − 1) are rewritten by
IV. SIMULATION EXAMPLES
Example 1: Consider the following FOS with the correlated noises w(τ ) and v(τ ) as Figure 1 , the state x(ι) and its estimation are shown for L = 10, 30, 50 in Figures 2 and 3 .
From Figures 2 and 3 , the estimations of the state get closer to the real values as the truncation L increases. Hence, the FOKF designed by Theorem 1 based on TGF can estimate the state effectively.
To obtain the comparison results of estimation accuracy via TGF and GLD for different truncations L, the error criterion is defined as where η 1 (ι) = x 1 (ι), η 2 (ι) = x 2 (ι), H m + 1 is the number of input and output sampling data with H m = 200 for Example 1.
The comparisons with respect to the criterion E via TGF and GLD are given in Table 1 for the truncations L = 10, 20, · · · , 60.
From Table 1 , it is seen that the FOKFs via the two types of algorithms are both effective to estimate the state information for the FOS determined by (39), (40) and (41). For T = 0.085s, the estimation effect of the FOKF based on TGF is better than that based on GLD for each truncation L. Moreover, the estimation errors of the two algorithms decrease with the increase of L in Table 1 . Therefore, it is necessary to consider the estimation error accuracy and computational complexity to select the appropriate truncation L.
The sampling period T is increased to T = 0.17s with L = 30 and other parameters remain changed, the real values and the estimations of FOS in this example by using TGF and GLD are drawn in Figures 4-7 , respectively.
The estimations x 1 (ι|ι) and x 2 (ι|ι) by using TGF almost converge the real values x 1 (ι) and x 2 (ι) in Figures 4 and 5 , the comparison results illustrate the FOKF proposed by Theorem 1 still can estimate state information effectively, but that performance based on FOKF using GLD is poor. To compare the error indexes of the two types of FOKFs for different sampling periods with L = 30, the relationship between E and T from 0.01s to 1s with the step 0.01s is shown in Figure 8 .
From Figure 8 , we know that two types of FOKFs corresponding to small sampling period can effectively estimate the state information. The method of TGF can obtain the effective estimation state if T increases, but the method with GLD does not work. That is to say, the algorithm proposed in this paper is more applicable to the sampling period. To investigate the effect of the proposed algorithm via Theorem 1 on the estimation of the colored noise with the different fractional-orders β, the comparison results with L = 30 and T = 0.085s are shown in Table 2 .
The results in Table 2 show that both of FOKFs can obtain effective estimation errors for different fractional-orders, but the FOKF using TGF in this paper gains smaller errors and higher accuracy than FOKF using GLD method for each fractional-order. It indicates that the proposed algorithm is effective for different fractional-order colored noises. In addition, the correlation matrix W is also concerned to compare with the GLD method using the truncation L = 30 and T = 0.085s, and the corresponding results are offered in Table 3 . For different correlation matrices W , each estimation error produced by FOKF based on Theorem 1 is less than the corresponding one using GLD method in Table 3 . Hence, the FOKF based on the proposed TGF can be applied to different correlated noise cases. Meanwhile, W = 0 in Table 3 indicates that the measurement noise and the process noise are not correlated at sampling time. In other words, the proposed algorithm is also applicable to the uncorrelated noises.
Example 2: The measurement noise is concerned as a fractional-order colored noise in this example. Consider the following FOS as Figure 9 , x(ι) and its estimation with L = 10, 30, 50 are depicted in Figures 10 and 11 .
From Figures 10 and 11 , it is seen that the estimations using TGF float the real values nearly. Therefore, the proposed FOKF obtains satisfactory state estimations for different truncations L. As the truncation L increases, the estimation value is closer to the real value. We adopt the error index (42) to evaluate the estimation results with H m = 200 for the proposed FOKF via Theorem 2. For different truncations L = 10, 20, · · · , 60, the comparison results of the estimation error produced by TGF and GLD are shown in Table 4 .
From Table 4 , it is also concluded that the estimation errors E using two types of FOKFs decrease as the truncation L increases. For each truncation L, the estimation effect using Theorem 2 is more accurate than GLD method for the FOS described by (43)-(45).
The sampling period is increased to T = 0.2s, L is chosen as L = 30, and other parameters are not changed, the responses of the real values and estimations of x 1 (ι) and x 2 (ι) are drawn in Figures 12-15 .
From the dynamic responses of the estimations and real values shown in Figures 12-15 , it can be seen that TGF method can still achieve satisfactory results for the case that the measurement noise is the colored noise for the enlarged sampling period. However, the estimation results obtained by GLD method are very invalid, and the satisfactory state estimation can not be achieved effectively. Similarly, the error indexes E produced by two types of FOKFs for T ∈ [0.01s, 0.2s] with the step 0.01s are drawn as shown in Figure 16 .
It can be seen clearly that the satisfactory state estimation via GLD method is achieved for a small sampling period. As the sampling period T increases, the method of GLD can not get the effective state estimation. However, the method via TGF is still valid, which is consistent with the conclusion in Example 1. Besides, we choose the truncation L = 30 and the sampling period T = 0.05s to discuss the effect of the fractionalorder γ and the correlation matrix L. The comparison results obtained by TGF and GLD are given in Tables 5 and 6,  respectively. From Table 5 , the estimation value corresponding to γ = 0.2 using GLD method is very large, it indicates that the FOKF using GLD fails in this case. Fortunately, the FOKF designed by Theorem 2 can still get the state estimation. Although FOKF based on GLD method can obtain better estimation value for different fractional-orders γ , the FOKF via Theorem 2 obtain the higher estimation accuracy. For different correlation matrices L, the FOKF provided by Theorem 2 can obtain smaller estimation error, compared with the FOKF designed by GLD method. This conclusion is also true for L = 0 to validate that Theorem 2 is also applicable to the uncorrelated noise case.
V. CONCLUSION
The problem on state estimation is investigated for continuous-time linear FOSs with the correlated colored noises in this paper. Firstly, the five recursive formulas in FOKF based on TGF are studied to deal with the correlated fractional-order colored process noise, then the case for the correlated colored measurement noise is discussed, similarly.
In fact, the FOKFs via TGF can improve the accuracy of estimation as the truncation increases, compared with GLD. For different the fractional-orders and correlation matrices in colored noises, the effect of state estimation for the investigated FOSs via the proposed KFs based on TGF is better than GLD. And the proposed KFs using TGF still can guarantee the validity of state estimation with the increase of the sampling period for a practical engineering. Thus, the FOKFs based on TGF are more effective and general for state estimation of continuous-time linear FOSs with correlated colored noises. In the future, the proposed algorithms will also be applied to the estimation of practical systems.
